Rules for integrands involving inverse hyperbolic sines

1. ju (a+bArcsinh[c+dx])"dx

1: J(a+bAr‘cSinh[c+dx])"dlx

Derivation: Integration by substitution
Rule:

1
J(a+bAr‘cSinh[c+dx])"d1x — ESubst[J(a+bArcSinh[x])"dlx, X, c+dx]

Program code:

Int[(a_.+b_.+ArcSinh[c_+d_.+x_])"n_.,x_Symbol] :=
1/d+Subst[Int[ (a+bxArcSinh[x])"n,x],x,c+d+x] /;
FreeQ[{a,b,c,d,n},x]

2: j(e+fx)'" (a+bArcsinh[c +dx])" dx

Derivation: Integration by substitution

Rule:

de-cf fx\" X n
+ —| (a+bArcsinh[x])"dx, x, c+dx]

1
J(e+fx)"' (a+bArcsinh[c+dx])"dx — —Subst[J[
d d d

Program code:

Int[(e_.+f_.#x_)"m_.+(a_.+b_.*ArcSinh[c_+d_.*x_])"n_.,x_Symbol] :=
1/d+Subst[Int[ ((d+e-c+f) /d+fxx/d) *m« (a+bsArcSinh[x])~n,x],x,c+d*x] /;
FreeQ[{a,b,c,d,e,f,m,n},x]



Rules for integrands involving inverse hyperbolic sines

&~J@+Bx+cf)p@+bAMSMhK+dx”"deMnB(1+8)—2Acd=0A2cC—Bd=0

Derivation: Integration by substitution

Basis: If B (1+c?) ~2Acd=0 A2cC-Bd=10,thenA+Bx+Cx?= 5 + = (c+dXx)?

Rule:If B (1+c?) ~2Acd=0 A 2cC-Bd = 0,then

- . N 1 c cx?
J(A+Bx+Cx) (a+bArcsinh[c+dx])"dx — —Subst[J—+
d d? d?

p
] (a+bArcsinh[x])"dx, x, c+dx]

Program code:

Int[(A_.+B_.#x_+C_.*Xx_"2)"p_.(a_.+b_.*ArcSinh[c_+d_.*x_])"n_.,x_Symbol] :=
1/d*Subst[Int[ (C/d*2+C/d"2xx"2) “p* (a+bxArcSinh[x])~n,x],x,c+d*x]| /;
FreeQ[{a,b,c,d,A,B,C,n,p},x] & EqQ[B* (1+c”2)-2xAxc+d,0] && EqQ[2xcxC-Bxd,0]



Rules for integrands involving inverse hyperbolic sines

4: J(e+fx)'" (A+Bx+Cx*)? (a+bArcsinh[c+dx])"dx when B (1+c?) -2Acd=0 A 2cC-Bd=0

Derivation: Integration by substitution

Basis: If B (1 + c? —2Acd::0/\2cC—Bd::0,thenA+Bx+Cx2::dc—2+dc—2 (c+dx)?

Rule:If B (1+c?) ~2Acd=0 A 2cC-Bd = 0,then

+ —

1 -cf fx\" :
J(e+fx)m(A+Bx+Cx2)p(a+bAr‘CSinh[C+dX])nd1X_) ESubst[J(dedC dX] [C C x

@ @

Program code:
Int[(e_.+f_.#x_)Am_.% (A_.+B_.#x_+C_.*X_"2)"p_.(a_.+b_.»ArcSinh[c_+d_.*x_])"n_.,x_Symbol] :=

1/d*Subst [Int [ ( (d*e-c*f) /d+'F*x/d) Amx (C/d*2+C/d”2xXx"2) *p* (a+b*Ar'cSinh [x] )"n,x] ,x,c+d*x] /8
FreeQ[{a,b,c,d,e,f,A,B,C,m,n,p},x] & EqQ[B* (1+c"2)-2+Axcd,0] && EqQ[2+C*C-Bxd,0]

2. j(a +bArcsinh|c +dx2])"d1x when ¢2 == -1

1. J(a+bArcSinh[c+dx2])"d1x when ¢2==-1 A n>0

1: J\/a +bArcSinh[c+d xz] dx when ¢? == -1

Derivation: Integration by parts
Note: This antiderivative is probably better expressed in terms of error functions...

Rule: If ¢? == -1, then

x2

J\/a+bArcSinh[c+dx2] dx — x'\/a+bArcSinh[c+dx2] —de dx
V2cdx?+d?x* \/a+bAr‘cSinh[c+dx2]

p
+ —] (a+bArcsinh[x])"dx, x, c+dx]
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— X\/a+bArcSinh[c+dx2] -

Vr x (Cosh[:—b] —cSinh[;—b]) Fresnelc[ﬂ’—:—b \/a+bArcSinh[c+dx2] ]

’_i (Cosh[%Ar‘cSinh[c +dx?]] +CSinh[%Ar‘cSinh[c +dx?]])

+

Vv x (Cosh[:—b] +cSinh[;—b]) Fresnels[,'—:—b \/a+bArcSinh[c+dx2] ]

/ -£ (Cosh[2 Arcsinh[c +dx?]] + cSinh[ 2 Arcsinh[c+dx?]])

Program code:

Int[Sqrt[a_.+b_.xArcSinh[c_+d_.xx_"2]],x_Symbol] :=
x#Sqrt[a+bxArcSinh[c+d*x"2]] -
Sqrt [Pi]«x« (Cosh[a/ (2xb) ] -cxSinh[a/ (2xb) ] ) xFresnelC[Sqrt[-c/(Pixb) ] «Sqrt[a+bsArcSinh[c+d«x*2]]]/
(sart[-(c/b) ] (Cosh[ArcSinh[c+d*x"2] /2] +cxSinh[ArcSinh[c+dxx2]/2])) +
Sqrt[Pi]«x (Cosh[a/ (2xb) ] +cxSinh[a/ (2xb) ] ) xFresnels[Sqrt[-c/(Pixb) | xSqrt[a+bsArcSinh[c+d+x*2]]]/
(sart[-(c/b) ] (Cosh[ArcSinh[c+d*x"2] /2] +cxSinh[ArcSinh[c+d*x"2]/2])) /;
FreeQ[{a,b,c,d},x] && EqQ[c”2,-1]

2: J-(a+bArcSinh[c+dx2])"d1x when ¢2=-1 An>1

Derivation: Integration by parts twice

N . N 2 n-1
Basis: If ¢? == —1,then 6, (a+ b ArcSinh|[c+dx?])" = 2bdnx (a+bArcsinh[c+dx*] )

V2cdx?+d? x4
Basis: x2 -9 2 cdx?+d? x4
" 2cdxZidZxA X d? x

Rule:If c2== -1 A n > 1,then

2 bArcSinh[c +dx2])""
J(a+bArcSinh[c+dx2])"d1x — x(a+bAr‘cSinh[c+dx2])"—2bdnJ‘X (a+ reean [c+ X ]) dx

V2cdx?+d*x*
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2bnV2cdx s @ X (a+bArcsinh[c+dx] )"

dx

X (a+bArcSinh[c+dx2])"— +4b*n (n-1) J(a+bAr'cSinh[c+dx2])"'2dlx

Program code:

Int[(a_.+b_.*ArcSinh[c_+d_.xx_"2])"n_,x_Symbol] :=
Xx* (a+b*ArcSinh[c+d*x"2]) n -
2xbxnxSqrt [2xcxdxx"2+d"24x"4] » (a+bxArcSinh [c+d+x"2] )~ (n-1) / (d*Xx) +
4xb"2#nx (n-1) +Int [ (a+bxArcSinh[c+d»x2])~(n-2),x] /;
FreeQ[{a,b,c,d},x] && EqQ[c”2,-1] && GtQ[n,1]

2. j(a+bArcSinh[c+dxz])"dx when c¢2:==-1 A n<©

1
1: j dx when c? == -1
a+ bArcSinh[c +d xz]

Rule: If c? == -1, then

1
dx —
a+ bAr‘cSinh[c +d x2]

x (c Cosh[:—b] - Sinh[;—b]) CoshIntegral[ﬁ (a+bArcsinh[c+dx?])] x (Cosh[;—b] -c Sinh[:—b]) SinhIntegr‘al[i (a+bArcsinh[c+dx?])]

+
2b (Cosh[%Ar‘cSinh[c +dx2]] + cSinh[%ArcSinh[c +dx2]]) 2b (Cosh[%Ar‘cSinh[c +dx2]] +cSinh[§Ar‘cSinh[c +dx2]])

Program code:

Int[1/(a_.+b_.*ArcSinh[c_+d_.xx_"2]),x_Symbol] :=
x* (cxCosh[a/ (2xb) ] -Sinh[a/ (2xb) ]) xCoshIntegral [ (a+b+ArcSinh[c+d«x"2])/(2xb) ]/
(2#bx (Cosh[ArcSinh [c+d*x"2]/2] +C*Sinh[ (1/2) »ArcSinh[c+d»x"2]])) +
x* (Cosh[a/ (2xb) ] -cxSinh[a/ (2xb) ] ) xSinhIntegral [ (a+bxArcSinh[c+d«x~2])/(2xb) ]/
(2#b« (Cosh[ArcSinh[c+dxx"2] /2] +c+Sinh[ (1/2) #ArcSinh[c+d+x*2]1])) /;
FreeQ[{a,b,c,d},x] && EqQ[c”"2,-1]
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dx when c? == -1

1
2: J
\/a + bAr‘cSinh[c + dxz]

Rule: If c? == -1, then

X —

J :
d
'\/a+bAr‘cSinh[c+de]

(c-1)+/5 x(Cosh[:—b] +Sinh[ﬁ]) Er'-F[ 1b \/a+bAr‘cSinh[c+dx2] ]
V2

(c+1) f x (Cosh[ﬁ] —Sinh[;—b]) Er‘-Fi[\/l_b \/a+bArcSinh[c+dx2] ]
2

+

2vVb (Cosh[%Ar‘cSinh[c +d xz] ] +C Sinh[%Ar‘cSinh[c +d xz] ])

2vVb (Cosh[%Ar‘cSinh [c +d xz]] +C Sinh[%Ar‘cSinh[c +d xz] ])

Program code:

Int[1/Sqrt[a_.+b_.+ArcSinh[c_+d_.*x_"2]],x_Symbol] :=
(c+1) xSqrt[Pi/2] «x (Cosh[a/ (2+b) ] -Sinh[a/ (2b) ] ) xErfi[Sqrt[a+bsArcSinh[c+d+x"2]]/Sqrt[2x+b]]/

(2#Sqrt [b] * (Cosh[ArcSinh[c+d#x"2] /2] +cxSinh[ArcSinh[c+dx"2] /2])) +
(c-1) #Sqrt [Pi/2] xx« (Cosh[a/ (2xb) ] +Sinh[a/ (2xb) ] ) xErf [Sqrt[a+bxArcSinh[c+d+x~2]] /Sqrt[2+b] ]/

(2#Sqrt [b] » (Cosh[ArcSinh[c+d#x*2] /2] +cxSinh[ArcSinh[c+d#x*2]/2])) /;

FreeQ[{a,b,c,d},x] && EqQ[c”"2,-1]

3. J(a +bArcsinh|c +dx2])"dlx when ¢2 == -1 A n< -1

1
1: J dx when ¢? == -1
(a+bArcsinh[c+d xz])B/2

Derivation: Integration by parts

1

Basis: If ¢ == -1, then - bdx - o,
V2cdx?+d>x* (a+bArcSinh[c+d x?] )3/2 4/ a+b Arcsinh[c+d x?]

Rule: If c? == -1, then

2

1 V2cdx?+d?x* d X
o Arcsinh o 32 dx — - +; dx
(a+ resin [c+ X]) bdX\/a+bAr‘cSinh[c+dx2] V2cdx?+d?x* \/a+bArcSinh[c+dx2]
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V2cdx?+d?x*

—_ - -

bdx'\/a+bAr'cSinh[c+dx2]

[(—%)3/2\/;x (Cosh[;—b] —cSinh[za—b]) Fresnelc[,’—:—b \/a+bAr‘cSinh[c+dx2] ]]/ (Cosh[%Ar‘cSinh[c+dxz]] +cSinh[§Ar‘cSinh[c+dx2]]] +

[(—i)m\/;x (Cosh[:—b] +cSinh[;—b]) Fresnels[,’—;—b \/a+bAr‘cSinh[c+dx2] ]J/ (Cosh[%Ar‘cSinh[c+dx2]] +cSinh[%Ar‘cSinh[c+dx2]])

Program code:

Int[1/(a_.+b_.*ArcSinh[c_+d_.xx_"2])"(3/2),x_Symbol] :=
-Sqrt[2xcxd«x"2+d"2xx"4] / (bxd+x+Sqrt[a+b+ArcSinh[c+d*x 2] ]) -
(—c/b)A(3/2)*Sqrt[Pi]*x*(Cosh[a/(z*b)]—c*Sinh[a/(z*b)])*Fresnelc[Sqrt[—c/(Pi*b)]*Sqrt[a+b*ArcSinh[c+d*xA2]]]/

(Cosh[Arcsinh[c+dxx"2] /2] +c+Sinh[ArcSinh[c+d*x"2]/2]) +
(-c/b)~(3/2) »Sqrt [Pi] «xx (Cosh[a/ (2xb) ] +cxSinh[a/ (2+b) ] ) *Fresnels[Sqrt [—c/(Pi*b) ] *sart [a+bxArcSinh[c+d*x”2] ] ]/
(Cosh[Arcsinh[c+d*x"2] /2] +cxSinh[ArcSinh[c+d*x"2]/2]) /;
FreeQ[{a,b,c,d},x] && EqQ[c”"2,-1]

2: J ! dx when ¢? == -1
(a+ bArcSinh[c +d xz])2

Derivation: Integration by parts

Basis: If c? == -1, then - 2bdx =a 1

V2cdx?+d*x* (a+bArcSinh[c+d x?] )2 il a+bArcsinh[c+dx’]
Rule: If c? == -1, then

1 V2cdx?+d*x? d x?
j : zdlx — - - - + — dx
(a+bArcsinh[c+dx?]) 2bdx (a+bArcSinh[c+dx?]) 2b | A[ocdx?.d?x (a+bArcsinh[c + dx?])
o V2cdl+did x (Cosh[£] - csinh[Z-]) CoshIntegral[ ;- (a+bArcSinh[c+dx?])] .

+
2bdx (a +bAr‘cSinh[c +dx2]) 4 b2 (Cosh[%Ar‘cSinh[c +dx2]] +cSinh[§Ar‘cSinh[c +dx2]])
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x (c Cosh[:—b] - Sinh[zlb]) SinhIntegr‘al[zl—b (a+bArcsinh[c+dx?])]

4 b? (Cosh[%ArcSinh [c+dx?]] +c Sinh[%ArcSinh[c +dx?]])

Program code:

Int[1/(a_.+b_.+ArcSinh[c_+d_.xx_"2])"2,x_Symbol] :=
-Sqrt [2*c*d*x"2+d"2*x"4]/(Z*b*d*x* (a+b*Ar'cSinh [c+dxx"2] ) ) +
x* (Cosh[a/ (2xb) ] -cxSinh[a/ (2xb) ] ) xCoshIntegral [ (a+b+ArcSinh[c+d«x~2])/(2xb) ]/
(4%b~2x (Cosh [ArcSinh[c+d#x"2] /2] +cxSinh[ArcSinh[c+dxx"2] /2])) +
x (cxCosh[a/ (2«b) ]1-Sinh[a/ (2«b) ]) *SinhIntegral[ (a+bsArcSinh[c+d*x"2])/(2xb) ]/
(4%b~2x (Cosh[ArcSinh[c+d#x"2] /2] +cxSinh[ArcSinh[c+dx~2]/2])) /;
FreeQ[{a,b,c,d},x] && EqQ[c”2,-1]

3: j(a+bAr‘cSinh[c+dx2])"dlx when c2==-1 An<-1An¢-2

Derivation: Inverted integration by parts twice
Rule:If ¢ == -1 An< -1 A n# -2,then

J(a +bArcSinh[c+d x2] )" dx —

x(a+bAr‘cSinh[c+dx2])n+2 V2cdx?+d?x (a+bA"‘CSi“h[C"dxz])n+1 1
+

+ j(a+bArcSinh[c+dx2])"+2 dx
4b% (n+1) (n+2) 2bd (n+1) x 4b% (n+1) (n+2)

Program code:

Int[(a_.+b_.*ArcSinh[c_+d_.#x_"2])"n_,x_Symbol] :=
-X* (a+b*Ar‘cSinh [c+d*x"2] ) 2 (n+2)/(4*b"2* (n+1) * (n+2)) +
Sqrt[2xc*xd*x"2+d*2+x"4] * (a+b*Ar‘cSinh [c+d*x”2] ) ~ (n+1)/(2*b*d* (n+1) *X) +
1/ (4xb 2 (n+1) » (n+2) ) »Int[ (a+bxArcSinh[c+d*x2])~(n+2),x] /;
FreeQ[{a,b,c,d},x] &% EqQ[c”2,-1] && LtQ[n,-1] && NeQ[n,-2]
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dx when nez*

. J\Ar‘cSinh [a xp] n

X

Derivation: Integration by substitution
Basis: Aresinhaxtls .. % Subst [x" Coth[x], X, ArcSinh[a xP]] OxArcSinh[a xP]
Rule: If n € Z*, then

ArcSinh[a x"]" 1
f— dx — - Subst[jx" Coth[x] dx, x, ArcSinh[a xp]]
x p

Program code:
Int[ArcSinh[a_.*x_"p_]~n_./x_,x_Symbol] :=

1/p*Subst [Int [x*nxCoth [x],X],X,ArcSinh [a*x"p]] 78
FreeQ[{a,p},x] && IGtQ[n,0]

[

4: ju ArcSinh [ ]m dx

a+bx"

Derivation: Algebraic simplification

Basis: ArcSinh[z] = ArcCsch| 1]

Rule:

. c m a bx"qm
Ju ArcSmh[ n] dx — JuAr‘cCsch[— + ] dx
a+bx C c

Program code:

Int[u_.+ArcSinh[c_./(a_.+b_.*x_"n_.)]"m_.,x_Symbol] :=
Int[uxArcCsch[a/c+bxx*n/c]”m,x] /;
FreeQ[{a,b,c,n,m},x]
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ArcSinh [V -1+bx? ]n
5: J dx
V-1+bx?

Derivation: Piecewise constant extraction and integration by substitution
Basis: Oy @ =0

. xAr‘cSinh%/fler x2 V 1 ArcSinhx1n 2
Basis: NN ::ESubst{g[—]— , \/-1+bx? } «\/ -1+bx

1+X2
 Rule:
Ar'cSinh[\/m]n 5 b x2 xAr‘cSinh[\/m]n .
— vf Subst[J% dx, x, \ -1+bx? ]

Program code:

Int[ArcSinh[Sqrt[-1+b_.*x_"2]]~n_./Sqrt[-1+b_.+x_"2],x_Symbol] :=
Sqrt [bxx"2]/ (b*x) *Subst [Int[ArcSinh[x]~n/Sqrt [1+x"2],X],X,Sqrt [-1+b*x*2]] /;
FreeQ[{b,n},x]

10
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6. Ju £< ArcSinh[a+bx]" dx when nez*

1: _FcArcSinh[a+hx]" dx when nez*

Derivation: Integration by substitution
Basis: F[ArcSinh[a + b Xx] ] == % Subst [F[x] Cosh[x], X, ArcSinh[a + bXx] ] OxArcSinh[a + b x]

Rule: If n € Z*, then

c ArcSinh[a+b x]" 1 c x" .
Jf dx — — Subst[Jf Cosh[x] dx, x, ArcSinh[a + bx]]
b

Program code:

Int[f_~(c_.*ArcSinh[a_.+b_.*x_]"n_.),x_Symbol] :=
1/bxSubst[Int[f~ (cxx”n) «Cosh[x],x],X,ArcSinh[a+b*x]] /;
FreeQ[{a,b,c,f},x]| && IGtQ[n,0]

11
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2: | x™ fehresinh[arbx)” gy when (m | n) e z*

Derivation: Integration by substitution

Basis: F [x, ArcSinh[a+bx]] ==

L Subst |F|-2+ 32X x| Cosh[x], x, ArcSinh[a+bx] | 6xArcSinh[a +bx]

Rule:If (m | n) € z*,then

. n 1 a Sinh[x])\" o
Jx'“ feArcsinh[asbx]1® gy _, — Subst[J(—— + [X] J <X Cosh[x] dx, x, ArcSinh[a + bx]]
b b b

Program code:

Int[x_m_.»f_~(c_.»ArcSinh[a_.+b_.*x_]"n_.),x_Symbol] :=
1/bxSubst[Int[ (-a/b+Sinh[x]/b) *m«f~ (cxx"n) xCosh[x],x],x,ArcSinh[a+bxx]] /;
FreeQ[{a,b,c,f},x] && IGtQ[m,0] && IGtQ[n,0]
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7. fv (a+bArcsinh[u]) dx when u is free of inverse functions

1: | ArcSinh[u] dx when u is free of inverse functions

Derivation: Integration by parts
Rule: If uis free of inverse functions, then

jAr‘cSinh[u] dx — XArcSinh[u] —j

Program code:

Int[ArcSinh[u_],x_Symbol] :=
x*xArcSinh[u] -
Int[simplifyIntegrand[x+D[u,x]/Sqrt[1+u~2],x],x] /;
InverseFunctionFreeQ[u,x] && Not [FunctionOfExponentialQ[u,x]]

X Oy U

1+u?

13
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2: J(c +dx)" (a + b ArcSinh[u] ) dx when m# -1 A uis free of inverse functions

Derivation: Integration by parts

Rule:If m # -1 Auis free of inverse functions, then

(C+dX)m+1 (a+bArcSinh[u]) b J.(c+dx)m+1axu
dx

J(c +dx)" (a+bArcSinh[u]) dx — -
d(m+1) d(m+1)

1+u?

Program code:

Int[(c_.+d_.#x_)"m_.x(a_.+b_.*ArcSinh[u_]),x_Symbol] :=
(c+d*x)~ (m+1) * (a+b*ArcSinh[u]) /(d« (m+1)) -
b/ (dx (m+1) ) »Int[SimplifyIntegrand[ (c+d+x)~ (m+1) D [u,x]/Sqrt[1+u”2],x],x] /;
FreeQ[{a,b,c,d,m},x] && NeQ[m,-1] & InverseFunctionFreeQ[u,x] & Not[FunctionOfQ[ (c+d+x)~(m+1),u,x]] & Not[FunctionOfExponentialQ[u,Xx] ]

3: jv (a+bArcsinh[u]) dx when uand Jv dx are free of inverse functions

Derivation: Integration by parts

Rule: If uis free of inverse functions, let w == Jv dx, if wis free of inverse functions, then

WO, u

V1+u?

jv (a+bArcsinh[u]) dx — w (a+bArcSinh[u]) - bj dx

Program code:

Int[v_x(a_.+b_.*ArcSinh[u_]),x_Symbol] :=

With[{w=IntHide[v,x]},

Dist [ (a+bxArcSinh[u]),w,x] - b+Int[SimplifyIntegrand [wxD[u,x]/Sqrt[1+u”2],x],x] /;
InverseFunctionFreeQ[w,Xx] ] /5
FreeQ[{a,b},x] && InverseFunctionFreeQ[u,x] && Not[MatchQ[v, (c_.+d_.*x)”m_. /; FreeQ[{c,d,m},x]]]
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8 Ju enAr‘cSinh[P,(] dx

1: Je"""ﬁnh[m dx when nez

Derivation: Algebraic simplification

Z+\/1+22)n

Basis: e" ArcSinh[z] __

Rule: If n € z,then

Program code:

Int[E~(n_.~ArcSinh[u_]), x_Symbol] :=
Int[ (u+Sqrt[1+u”2])”n,x] /;
IntegerQ[n] && PolyQ[u,Xx]

. n
Je"“"‘51"“["x] dx — f(Px + \/ 1+ P2 ) dx
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2: [ x™e"AreSinhIPd gy when nez

Derivation: Algebraic simplification

Z+'\/1+ZZ)n

Basis: e" ArcSinh[z] __

Rule: If n € z, then

Program code:

Int[x_"m_.+E~(n_.*ArcSinh[u_]), x_Symbol] :=
Int[x*m* (u+Sqrt[1+u”2])”n,x] /;
RationalQ[m] && IntegerQ[n] && PolyQ[u,Xx]

. n
jxm @"AresinhiPd gy Jx'" (PX + \/ 1+ P2 ) dx
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